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Abstract. The algebraic structure of the Schrodinger equation is discussed and we take 
advantage of  Lie algebra to derive the kernels of the Schrodinger equation. 

There has been a revi la1 of interest recently in the application of Lie’s method in order 
to study the linear or non-linear evolution equation. In this paper we shall investigate 
the algebraic structure of the Schrodinger equation and take advantage of Lie algebra 
to derive the kernels of the equation. 

We begin from the Schrodinger equation 

(1) 
a 

a t  
i h -  +(x, t )  = H+(x, 1). 

One can define the unitary operator 

U ( t l ,  to)=exp[- i ( t - to)H/h]  

and the formal solution of the equation is 

$(x, t )=exp(- ihH/h)$(x,  0). 

We consider some special cases. 

1983) 
( i )  Freeparticle. For a free particle H = -( fi2/2m)d,, and using the formula (Suzuki 

we arrive at 

We know that the kernel satisfies the relation 

and so comparing (5) and ( 6 )  gives 
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(7) 
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( i i )  Harmonic oscillator. For a harmonic oscillator H = -( A2/2m)d,,+fmw2x2. 
Define 

L- = -1 2axx ~ + = f x ~  L~ = txa, +a. (8) 

It is easily verified that these operators satisfy the commutation relation of the Lie 
algebra SU(1, l ) ,  namely 

[L,, L-]=2L3 [L3, L*1= *L* . (9) 

We can obtain the Baker-Campbell-Hausdorff relations of the group S U ( 1 , l )  (Truax 
1985, Fisher et a1 1984): 

exp( --; (-- 2m h2  a,, + tmw2x2)) 

) 
mw 

= exp( -i- h tan(wt)fx2 ) exp( -2 sin(2wt)( --+a,,) 

Employing (4) and 

euXJf(x)  =f(e“x) 

gives us 

[ ( X’ + Y’) COS wt - ~ X Y ]  
mw 

$(x, I ) = (  
( i m w  

2irrh sin wt --uc 2~ sin w t  

and so 

(iii) Harmonic oscillator and gravitational field. For this problem H = 
-(h2/2m)a,,+imw2x2+ mgx or 

h 2  mg2 H = - - a,, + +mu2( x + g /  w 2 ) 2  - 7. 
2m 2w 

Let x‘ = x + g/w2 and note that [a,, x’] = [a,, x]  = 1 
We easily arrive at 

exp[ - i t (  -xax ,+ fmw2x2+mgx  2m )I 
) 

i mg2 i mw 
= e x p ( ; t s )  exp(-- 2h tan(wt)(x +g /w2) ’  

i h  
sin(2wt)(-i a,,) 
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Thus 

mw 
r i h  sin w t  

*(x, t ) = ( 2  ( imw [ ( x' + y ' )  cos ut - 2xyl 
2ti sin wt 

i mg 
hw 

-- + tan(twt)(x+y) 

giving finally 

mw 
27rih sin wt 

i mg img2 I 

hw hw2 ' 

K(x, t ;  y, 0) = ( ) I "  exp( imw [ ( x2 + y') cos wt - 2xyl 
2h sin wt 

-- t a n ( f w t ) ( x + y ) + - [ - t - ( l / w )  tan(fwt)] 

(iv) Uniform jeld.  Here we have 

h 2  
H = - - a,, + ex. 

2m 

We notice that the commutation relations [a:, x] = 2 8, and [a', a'] = 2a are the 
same. Here a+ and a are the creation and annihilation operators for the harmonic 
oscillator. From the formula (Katriel 1983) 

we have 

exp[ -a t (  -h a,, + ex)] = exp( -%) exp( a,, +- et' a, -- 

2m 2m 2m 6mh 

Using the well known relation 

e"'f(x) = f ( x +  a )  

we obtain 

Thus 

These results are the same as those obtained using Feynman's path integral method. 
Using the result of example (iii) and taking the limit as w + 0 or g + 0, one can obtain 
(23) or (13) from (17). This shows that the results obtained are the same as those 
derived by a variety of methods in this paper. If  we compare (3) and (6), we clearly 
find that the path integral kernel is an integral transformation of the operator U (  t ,  0). 
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Thus it is important to develop the investigation of the algebraic structure of the 
differential equation. 
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